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terial tree. The extent to which the characteristic variability/

scatter in the data may have resulted from imaging and/or 

measurement errors was examined by simulating such er-

rors in a theoretical tree model and comparing the results 

with the measured data.  Copyright © 2011 S. Karger AG, Basel 

 Introduction 

 The liver, a wedge-shaped organ, is the largest gland in 
the body [Standring and Gray 2008]. It is  � 4% of an adult 
rat’s total body weight ( � 300 g), receiving around 12 ml 
of blood per minute [Birnie and Grayson, 1952]. As a ref-
erence, an average human’s liver is around 2.5% of their 
total body weight and hepatic blood flow is around 1,500 
ml/min [Sinnatamby, 2006]. The liver has two surfaces, 
the ‘diaphragmatic surface’ and the ‘visceral surface’. The 
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 Abstract 

 Utilizing micro-computed tomography images, the hierar-

chical structure, interbranch segment lengths and diameters 

of a hepatic artery, a portal vein, and two biliary trees from 

intact rat liver lobes were characterized. The data were inves-

tigated by analyzing the geometric properties of the vascu-

lar structures, such as how interbranch segment diameters 

change at bifurcation points. In the case of the hepatic artery 

and portal vein trees (in which the flow rate is high by com-

parison with that in the biliary tree), the vascular geometry 

is consistent with a fluid transport system which aims to si-

multaneously minimize both the power loss of laminar flow, 

and a cost function proportional to the total volume of ma-

terial needed to maintain the system (lumenal contents). In 

comparison, the biliary tree (which has a low flow rate and 

an opposite flow direction to that of the hepatic artery and 

portal vein) was found to have a geometry in which the lu-

men cross-sectional area is maintained at bifurcations. These 

findings imply that the histological makeup and therefore 

the pathophysiology of biliary tree vasculature are likely very 

different from that of the vasculature within the systemic ar-
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diaphragmatic surface is convex and is moulded to the 
undersurface of the diaphragm. The porta hepatis, a deep 
fissure on the visceral surface, is where the hepatic artery 
and portal vein enter, and the biliary tree exits the liver.

  At the porta hepatis, two layers of the lesser omentum 
enclose the right and left hepatic ducts (components of 
the biliary tree), as well as the right and left branches of 
the hepatic artery and portal vein. A diagram of the rel-
evant liver vasculature for this study is shown in  figure 1 . 
The flow direction of the hepatic artery, portal vein, and 
biliary tree is shown, along with the liver surface for ori-
entation. The vascular structures lie in the order of portal 
vein, hepatic artery, and bile ducts (therefore bile ducts 
are more accessible during surgery due to being located 
most ventral of the three [Sinnatamby, 2006]).

  Oxygenated blood to the liver is provided by the he-
patic artery. Upon entering the liver at the porta hepatis, 
the hepatic artery divides into right and left branches. 
The hepatic artery supplies  � 25% of the liver’s total blood 
flow, while the remaining  � 75% is supplied by the portal 
vein. The portal vein is the upward continuation of the 
superior mesenteric vein. The portal vein carries venous 
blood to the liver, blood which contains the products of 
digestion which have been absorbed from the alimentary 
canal and are to be metabolized by liver cells. Like the 
hepatic artery, the portal vein also divides into right and 
left branches within the porta hepatis. The three hepatic 
ducts (right, left, and common), as well as the bile duct 
make up the extrahepatic biliary tract (note: rats do not 
have a gallbladder). The right and left hepatic ducts join 
to form the common hepatic duct at the end of the porta 
hepatis. Functionally, the biliary tree is the path by which 
bile is secreted throughout the liver and conveyed via 
tributaries down to a single duct that enters the small in-
testine. A potential consequence of the different flow di-
rection in the biliary tree is that in addition to flow mag-
nitude, local shear stress distribution pattern asymme-
tries in converging and diverging flows may affect local 
diameters [LaBarbera, 1995].

  The hepatic artery, portal vein, and biliary tree follow 
essentially the same anatomical paths within the liver, 
thereby known collectively as the portal triad. The struc-
tural unit of the liver is the hepatic lobule. The hepatic 
lobules are a roughly hexagonal arrangement of hepato-
cyte plates, which are separated by intervening sinusoids 
(small blood vessels similar to capillaries but with a fenes-
trated endothelium) which radiate outward from a cen-
tral hepatic vein. The portal triads are located at the ver-
tices of each hexagon. A schematic depiction is given in 
 figure 2 . The functions of the terminal branches of the 

Liver

: Hepatic artery

: Portal vein

: Biliary tree 

Flow direction

  Fig. 1.  The hepatic artery, portal vein, and biliary tree all follow 
roughly the same anatomical paths throughout the liver, and all 
three enter the liver through the porta hepatis. The liver outline 
is also depicted for orientation. 

Portal triad

(hepatic artery, portal vein, biliary tree)

Hepatic vein

Sinusoids

  Fig. 2.  The liver lobules are a roughly hexagonal arrangement of 
hepatocyte plates which are separated by intervening sinusoids 
(small blood vessels similar to capillaries but with a fenestrated 
endothelium) which radiate outward from a central vein. The 
portal triads are located at the vertices of each hexagon. The dif-
ferent functions of the terminal branches of the hepatic artery, 
portal vein, and biliary tree occur within each lobule. A central 
vein drains each lobule, which is carried to the hepatic vein away 
from the liver. 
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hepatic artery, portal vein, and biliary tree occur within 
each lobule. A central vein drains each lobule, which is 
carried to the hepatic vein away from the liver.

  The liver is a relatively homogeneous organ possessing 
fewer anatomical constraints on vascular branching 
than, for instance, the constraints imposed on the coro-
nary arteries and veins, with their different epicardial 
and intramyocardial environments, as well as on the pul-
monary arteries and veins which are constrained by the 
bronchi. In addition, heart and lungs cyclically deform, 
meaning that their shape drastically changes within a 
short amount of time. Thus, vascular image ‘snapshots’ 
may not represent the underlying vascular geometry ac-
curately. Therefore, liver vasculature offers an excellent 
opportunity to study the relationship between branching 
geometry and the functional roles of vasculature: in par-
ticular, the hepatic artery, portal vein, and biliary tree 
which are in close proximity to one another, and follow 
essentially the same branching paths (yet perform differ-
ent functions).

  The study of vascular branching geometry is an area 
of anatomy which has yet to reach the same level of ac-
curacy and understanding as other areas (e.g., the mac-
roscopic structure and physiological function of organs). 
The main reason for this has been the methodological 
difficulties in obtaining accurate data, and in building a 
cumulative understanding based on these data. The mea-
surement of length and diameter, and the connectivity 
relationship between interbranch segments lie at the 
foundation of most vascular geometry studies [Suwa et 
al., 1963; Zamir, 1998; Op Den Buijs et al., 2006; Kassab, 
2006]. In a previous study, Kline et al. [2010b] used opti-
cal measurement of the branches of intact casts of vascu-
lar trees as the gold standard, with each vascular segment 
mapped out and measured using micrometer translation 
and rotation. Based on these optical measurements, the 
tree’s hierarchical structure in terms of interbranch seg-
ment connectivity, individual branch segment lengths, 
and individual branch segment diameters were estab-
lished. The accuracy by which 3-dimensional (3D) mi-
cro-computed tomography (micro-CT) image data could 
be used to measure the vascular branching geometry, as 
compared to direct optical measurement (an established, 
but very laborious methodology) of vascular trees, was 
then characterized. This automated micro-CT image 
analysis method is used in the present study to analyze 
the different vascular branching geometries of the vessel 
tree. It was previously found that, on average, vessel seg-
ment diameters can be accurately measured to within 1 
voxel (19  � m). The absolute difference and relative error 

between the micro-CT measured value and the optical 
measurement at different diameter ranges is given in  ta-
ble 1  for reference [data from Kline et al., 2010b]. The ex-
tent to which the characteristic variability/scatter in the 
data may have resulted from imaging and/or measure-
ment errors is examined in this current study by simulat-
ing such errors in a theoretical tree model and comparing 
the results with the measured data.

  To investigate the branching geometry of the vascular 
trees, we analyzed micro-CT images of rat livers after 
contrast medium was injected into the vessel trees. The 
hierarchical structure, interbranch segment lengths,
and interbranch segment diameters were characterized. 
These data were then investigated by analyzing the geo-
metric properties of the vascular structures, in particular 
with regard to the model derived by Murray [Murray, 
1926] on the basis that the fluid transport system (vascu-
lature) geometry is consistent with simultaneous mini-
mization of both the power loss of laminar flow, and the 
total volume of material needed to maintain the system 
(i.e., the lumenal contents). Note that these factors have 
opposing geometrical consequences.

  Materials and Methods 

 Specimens 
 Previously prepared specimens [Masyuk et al., 2003] were 

used as the data set in this study, and are here briefly described. 
Male Fisher-344 rats weighing between 200 and 220 g were sepa-
rated into three groups. Microfil, a radiopaque liquid silicone 
polymer compound (MV-122; Flow Tech, Inc., Carver, Mass., 
USA), was injected into either the hepatic artery (group 1), the 

Table 1. T he median absolute difference and median relative error 
between micro-CT-measured values and those obtained by opti-
cal measurement at different diameter ranges

Diameter Absolute
difference, mm

Relative error
%

0.30–0.80 mm 0.015 3.1
0.20–0.29 mm 0.020 7.4
0.10–0.19 mm 0.017 10.7
0.05–0.09 mm 0.013 15.8
0.00–0.04 mm 0.009 20.6

T his data is from a previous study performed by the authors 
in which the accuracy of micro-CT image-based measurements 
of vascular branching geometry was determined [Kline et al., 
2010b].
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biliary tree (group 2), or the portal vein (group 3). Therefore, a 
comparison of the different vessel structures necessitates the use 
of three different rat specimens: a hepatic artery from one, a bili-
ary tree from another, and a portal vein from the last specimen. 
Two biliary tree specimens were analyzed to check for reproduc-
ibility of the results.

  For the biliary tree injection, the infusion rate was between 0.01 
and 0.05 ml/min and at a pressure of 7–10 mm Hg. For the hepat-
ic artery, the infusion rate was 2 ml/min and at a pressure of 60–70 
mm Hg. For the portal vein, the infusion rate was 8–10 ml/min and 
at a pressure of 10–12 mm Hg. These infusion rates and pressures 
were chosen because they did not exceed the physiological flow 
and pressure in bile and blood of normal rats. Note that this par-
ticular Microfil compound has a viscosity of 25 cP, whereas blood 
has a viscosity of 3–4 cP. It is important to note that the viscosity 
of the Microfil compound is designed specifically to produce a de-
sired rate of filling rather than to match the viscosity of blood. The 
role played by viscosity in the two cases is quite different.

  After the vessels were perfused with Microfil, the specimens 
were stored under refrigeration overnight to allow polymeriza-
tion. The following day the liver was dissected into individual 
lobes and immersed in a 10% buffered formalin solution. In order 
to dehydrate the liver, each lobe was placed in progressively high-
er concentrations of glycerin in water solutions (from 30 to 75%) 
at 24-hour intervals, and then embedded in a clear BioPlastic 
polymer (Aldon Corp., Avon, N.Y., USA).

  Micro-CT Imaging 
 The micro-CT imaging methods that were used to scan the 

specimens are discussed in more detail elsewhere [Jorgensen et 
al., 1998]. Briefly, the liver lobe was mounted on a computer-con-
trolled rotating stage so that an X-ray projection image was gener-
ated in a cesium iodine crystalline plate, which converted the X-
ray into a light image, at each of 360 angles of view around 360°. 
This light image generated by the X-ray within the crystal plate 
was optically projected (and magnified) onto a charge-coupled 
device imaging array which converted the light intensity on each 
of the 1,024  !  1,024, 24  � m on-a-side square pixels in the array 
to an electronic signal proportional to the light (X-ray) intensity. 
The scan data, once recorded, were normalized for the exposing 
X-ray intensity and then subjected to a modified Feldkamp cone 
beam reconstruction algorithm [Feldkamp et al., 1984] to gener-
ate a 3D volume data set. The 3D image consisted of up to 1,024 3  
cubic voxels, each  � 20  � m to a side, with gray scale proportional 
to the X-ray attenuation coefficient.

  Segmentation 
 A binary file was computed by thresholding the gray scale 3D 

micro-CT images. The vascular trees were extracted from this 
image by means of a region-growing segmentation method to in-
clude those voxels, with gray scale values above the thresholded 
range, that were connected to the vessel tree’s root (identified by 
visual inspection of the displayed 3D image). In order to include 
small vessel segments, a low CT threshold (much lower than half 
the maximum value found in large vessel lumens) was chosen, just 
above the ‘noise’ in the liver parenchyma in the CT image, in order 
to include vessel segments that had a reduced peak gray scale val-
ue caused by the modulation transfer function (blurring) of the 
micro-CT system. Specifically, the gray scale within a large vessel 
lumen is measured, as well as the gray scale in the surrounding 

tissue. The threshold is then set no higher than the average be-
tween these two values. The region-growing method resulted in a 
single connected tree structure for all specimens. These segment-
ed trees, for all specimens, are displayed in  figure 3  using the An-
alyze software package [Robb et al., 1989]. Shown in the upper left 
is the hepatic artery, the portal vein is in the upper right, the bili-
ary tree (specimen  bt 1) is in the lower left, and the second biliary 
tree specimen ( bt 2) is in the lower right.

  Vascular Tree Measurements 
 The 3D segmented data set was used as the input for the ex-

traction of the vascular tree’s centerline (‘skeleton’). The extrac-
tion of the vascular tree centerline allows for the simplification of 
the complex tree structure from which the branch segment loca-
tion within the tree, and its connection to the other branch seg-
ments, is conveyed (essentially the first step in defining the vas-
cular tree topology). Using locations along the centerline within 
the segmented image, the tree’s hierarchical nature, branch 
lengths, and branch diameters were determined. More details on 
the centerline extraction method, and subsequent measurements 
of interbranch segment lengths and diameters can be found in 
Kline et al. [2009, 2010a, b].

  Characterization of Branching Geometry 
To further characterize the branching geometry of the differ-

ent samples, we note that the vessel tree structures can be modeled 
as binary trees, where at each bifurcation one parent segment di-
vides into two branches. By convention [Zamir, 2005], the ‘level’ 
(or generation) of the branches is one higher than that of their 
parent branch segment. The diameter of the branches ( d  1  and  d  2 ) 
is related to the parent segment’s diameter ( d  0 ) by

 d   k  0  =  d   k  1  +  d   k  2  ,                                                                                       (1)

 where  k  is the junction exponent and under the framework of 
Murray’s cube law  k  = 3. To characterize the parameters of vascu-
lar branching, we computed properties such as the asymmetry 
ratio:    

2
2 1

1

, ,  
d

d d
d

�                                                                               (2)

  which has a convenient range lying between 0 and 1. In nondi-
mensional form the two branches are related to the asymmetry 
ratio by: 

1 2
1/ 1/

0 0

1
, ,   

(1 ) (1 )k k k k

d d

d d

�

� �
                                          (3)

   which shows the effects of relative vessel diameter. Also, the area 
ratio at an arterial bifurcation can be defined as: 

2 2 2

1 2

2 2/
0

1
,  

(1 )k k

d d

d

�
�

�
                                                            (4)

 which shows how the area ratio depends on the degree of asym-
metry as well as the power law index  k . 

 To measure  k , the method presented by Zamir et al. [1992] was 
used. Under this method, the relative error:  

0 1 2

0

( )
( )  

k k k

k

d d d
e k

d
                                                                        (5)
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  is computed for each junction. The median value of the error was 
computed for each vascular tree for junction exponents of 1, 2, 3 
and 4. A linear fit of  k  versus  e ( k ) has a y-intercept equal to the 
‘best-fit’ junction exponent. 

 Finally, the power requirement or cost of deviating from the 
optimal configuration (i.e.,  k  = 3) was calculated using a formula 
presented by Sherman et al. [1989]: 

4 2/33 3 4/3 2 3 3

0 1 2 0 1 2( ) 2 ( )
. 

3

d d d d d d
�                                         (6)

   The basis for this equation is that we assume the daughter diam-
eters are correct and the parent vessel’s deviation from the opti-
mal configuration results in the energy cost  � . It is derived from 
the total power required to support both flow and metabolism. 

 Effect of Variability 
 The question of whether the observed differences between the 

biliary tree and the hepatic artery and portal vein could result 
from either variability in an ideal Murray-type tree, or measure-
ment error, was explored with a theoretical tree model consisting 
of 10 generations and following Murray’s law:

   d  3  0  =  d  3  1  +  d  3  2  .                                                                                      (7)

  Furthermore, we let the asymmetry ratio vary between genera-
tions as in: 

    � ( j ) = 0.2 j  – 0.1( j  – 1), (8)

  where  j  represents the generations. Note that this criterion was 
chosen in order to consider a distribution of asymmetry ratios as 
is commonly found in physiological systems. We then incorporate 
a uniformly distributed random variability, in which the actual 
vessel segment diameter varies from the ideal configuration by 

    d  a  =  d  i  +  R  x  d  i , (9)

  where  d  i  is the ideal Murray tree diameter,  R  x  is the random vari-
able multiplier, and  d  a  is the modified diameter. As an example, 
when the variability is set at 5%, the random variable lies within 
the range between –0.05 and +0.05. 

 Results 

 Displayed in  figure 4  are the results of the average ves-
sel segment diameter versus generation, for the hepatic 
artery ( fig. 4 a), the portal vein ( fig. 4 b), the biliary tree 

a

c d

b 

5 mm

  Fig. 3.  Volume renderings of the hepatic 
artery ( a ) and portal vein ( b ), biliary tree 
specimen  bt 1 ( c ) and  bt 2 ( d ) of rat liver 
specimens. These micro-CT data sets are 
here visualized with the Analyze software 
program [Robb et al., 1989]. 
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specimen  bt 1 ( fig. 4 c), and the biliary tree specimen  bt 2 
( fig.  4 d). The standard deviation of the mean is also 
shown. The behavior is visually similar to that predicted 
by Murray [1926].  Figure 5  displays the data for inter-
branch segment length for all specimens (same specimen 
arrangement as in  fig. 4 ). Significantly more scatter is ob-
served, but a general trend towards a decrease in vessel 
segment length is also apparent.  Figure 6  displays the 
number of interbranch segments found at each genera-
tion for all specimens.

  The length/diameter ratio is a critical factor in deter-
mining both the relevance of Poiseuille flow to the vas-
cular structures, and also whether local shear stress is a 
factor in determining branch segment diameters [LaBar-
bera, 1995]. The average length/diameter ratio ( 8 stan-
dard deviation) is 4.85  8  3.78 for the hepatic artery, 5.11 
 8  4.15 for the portal vein, 28.17  8  26.71 for the bile duct 
 bt 1, and 25.1  8  24.48 for the bile duct  bt 2.

  The nondimensional diameters (see Eq. 3) for the larg-
er branch segment versus asymmetry ratio are shown in 
 figure 7  for the hepatic artery ( fig.  7 a), the portal vein 
( fig. 7 b), the biliary tree specimen  bt 1 ( fig. 7 c), and the 
biliary tree specimen  bt 2 ( fig. 7 d). The nondimensional 

diameter for the smaller branch segment versus asymme-
try ratio are shown in  figure 8 , and the area ratio at an 
arterial bifurcation versus the asymmetry ratio for each 
sample is shown in  figure 9 .

  The junction exponent was found to be 2.97 for the 
hepatic artery, 2.94 for the portal vein, 1.65 for  bt 1, and 
1.84 for  bt 2. How these values were determined is con-
veyed in  figure 10 . Using the data of interbranch segment 
diameters and their interconnectivity, the relative error 
was computed by Eq. 5 for  k  = 1, 2, 3 and 4 at each junc-
tion of the different vascular trees. The median error val-
ue for each  k  value was then plotted as shown [i.e.,  e ( k )]. 
Thus, each vascular tree has four data points (corre-
sponding to their relative errors at each  k  value). A linear 
fit to the individual vascular tree’s data has a y-intercept 
that corresponds to the junction exponent which best 
matches the vessel tree data. In terms of the relative pow-
er requirement ( �  in Eq. 7), the hepatic artery is within 
4.3%, the portal vein is within 4.0%, the biliary tree  bt 1 is 
within 20.2%, and  bt 2 is within 16.6% of the optimal con-
figuration predicted by Murray [1926].

  Plots of the larger-diameter nondimensional diameter 
for the hypothetical model vasculature (the theoretical 
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tion of the vessel diameters found within each generation. 
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  Fig. 6.  Number of interbranch segments at each generation for the four specimens. The ordinate axis is here 
plotted on a logarithmic scale.             
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equivalent of the experimental data presented in  fig. 6 ) 
are shown in  figure 11 . The variability is set at 5% ( fig. 11 a), 
10% ( fig. 11 b), 20% ( fig. 11 c), and 40% ( fig. 11 d). Also, note 
the different scale for 40% variability. In each plot the re-
sults for an ideal tree following a ‘square’ law (dots) as well 
as a ‘cube’ law (solid black line) are shown. The line rep-
resenting the tree following a ‘cube’ law is essentially our 
model’s initial state, before incorporating variability.

  Discussion 

 Measuring vascular casts is historically the method 
used for measuring vascular branching networks [Suwa 
et al., 1963; Zamir, 1996; Kalsho and Kassab, 2004]. How-
ever, such methods typically lose information pertaining 
to the interconnectivity of branch segments. This is due 
to the fact that often the casts are physically broken in 
order to measure the physical dimensions of interbranch 
segments, and statistical analysis approaches are then 
used to say something general about the characteristics 
of the vascular bed [Spaan, 1991]. The method of optical 

measurement of an intact vascular cast is very time con-
suming, labor intensive, and highly inefficient. In the 
work of Zamir [1996], more than 1 year was required for 
measurements of the vascular tree from a right coronary 
artery consisting of 4,531 interbranch segments. At that 
time, image analysis methods were found inadequate in 
terms of accuracy, and the technical problem of automat-
ically evaluating the hierarchical structure of the vascu-
lar tree had not been solved. Finally, the method of cast-
ing is of course not applicable to the tissue of a living 
specimen due to its destructive nature.

  Using the automated analysis of micro-CT images, in-
stead of optical measurements of a cast, saves time and 
allows analysis of highly complex tree structures. For ex-
ample, the hepatic artery analyzed in this study is com-
posed of more than 2,000 interbranch segments, and the 
interbranch relationships, measurement of interbranch 
segment lengths and diameters were performed automat-
ically in minutes, as opposed to months. More important, 
using micro-CT images of in situ, opacified microvascu-
lature, instead of an isolated cast, means that the measure-
ment technique can be easily extended to in vivo analysis.
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  Fig. 9.  Area ratios at arterial bifurcations versus the asymmetry ratios in the tree structures of the hepatic artery 
( a ), the portal vein ( b ), the biliary tree specimen  bt 1 ( c ), and the biliary tree specimen  bt 2 ( d ). The result for an 
ideal tree following a ‘cube’ law (solid black line) is also presented. 
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  Fig. 10.  To determine the junction expo-
nent for each specimen the relative error 
was computed by Eq. 5 for      k  = 1, 2, 3 and 4 
at each junction of the different vascular 
trees. The median error value for each  k  
value was then plotted as shown. Thus, 
each vascular tree has four data points 
(corresponding to their relative errors at 
each  k  value). A linear fit to the individual 
vascular tree’s data has a y-intercept that 
corresponds to the junction exponent 
which best matches the vessel tree data. As 
shown, the hepatic artery and portal vein 
are best represented as vascular structures 
which adhere to Murray’s cube law. The 
two biliary trees, on the other hand, follow 
a square law. HA = Hepatic artery; PV = 
portal vein; BT1 and BT2 = biliary tree 1 
and 2.       
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  A methodology issue in the present study is that the 
different vascular trees were obtained from different rat 
specimens, although each vascular structure was com-
posed of approximately the same number of generations. 
Ideally all three vessels should have been injected in a 
single liver. However, in addition to the technical difficul-
ties involved in sample preparation, this would likely re-
sult in difficulty in differentiating small diameter branch 
segments in the reconstructed image due to their close 
proximity to each other (i.e., ‘overlapping’ of neighboring 
vessel gray scales due to blurring).

  The results in general show some important differenc-
es between the trees’ vascular branching geometries: 
most notably, the strong adherence to Murray’s cube law 
by the hepatic artery and portal vein, and the large de-
viation from Murray’s cube law by the biliary tree. Since 
the flow rate through a vascular tree must be the same at 
all levels of the tree, the square law, whereby the cross-
sectional area available to the flow is the same at all levels 
of the tree, implies that the average velocity of the fluid is 
also the same at all levels of the tree. In the systemic arte-
rial tree this situation is not supportable since the high 
velocity of blood in the aorta must be reduced by a factor 
of about 1,000 by the time it reached the capillaries [Za-
mir, 2005]. Furthermore, since the shear stress at the en-
dothelial layer of a vessel segment in Poiseuille flow is 
proportional to the flow rate over the cube of the vessel 
diameter, the square law also implies that the shear stress 
becomes increasingly higher towards the peripheral end 
of the tree as vessel diameters become smaller [Zamir, 
2005]. Again, this situation is not supportable in the arte-
rial tree where the shear stress acting on endothelial tis-
sue must be the same. Thus, our finding that the square 
law is supported in the biliary tree suggests that the opti-
mality considerations of Murray’s law are of little conse-
quence in the biliary tree. Thus the characteristics of the 
flow in the biliary tree are likely closer to those of a low 
velocity bolus flow rather than Poiseuille flow.

  We suspect that the main driving force within the bil-
iary tree is simply that of bile entering at the peripheral 
end of the tree and pushing/displacing fluid forward, ev-
idently at very low speed, towards the central levels and 
ultimately the exit end of the tree. These findings imply 
that the histological makeup and therefore the patho-
physiology of biliary tree vasculature is likely very differ-
ent from that of vasculature within the systemic arterial 
tree. Recent findings have shown morphological hetero-
geneity of the biliary epithelium, as well as a wide range 
of different pathophysiological responses by different- 
sized bile ducts [Glaser et al., 2006].

  The strength of this study’s method for measuring the 
junction exponent (as opposed to a minimization type 
approach [Op Den Buijs et al., 2006]) is that the collective 
behavior of the vascular tree’s range of junction expo-
nents can be determined while still including data in 
which one of the branch segments may be larger than the 
parent segment (in which case a minimization approach 
does not have a unique solution). The range of exponents 
found in the literature range from 1.0 up to 5.0 [Zamir et 
al., 1992], but most frequently lie between 2.0 and 3.0 
[Kassab, 2006]. In addition, the energy cost ( �  from Eq. 
6) calculated for this study’s vascular trees are within the 
cited range of 2–24% [Sherman et al., 1989]. Intuitively it 
makes sense that the biliary tree would not need to adhere 
to Murray’s law as do the other vascular structures. The 
low-flow, low-pressure environment would require little 
investment in materials needed to maintain the system 
(such as little smooth muscle to contain the pressure).

  A notable shortcoming of Murray’s law is that there is 
an unrealistic idealization for fluid flow in the vicinity of 
vessel junctions. Also, real vascular structures are not ac-
tually composed of cylindrical segments carrying para-
bolic Poiseuille flow profiles. For one, the flow is neces-
sarily altered at branching junctions, and second, Poi-
seuille flow will only be reestablished downstream some 
distance from a bifurcation: 10–80 vessel diameters 
downstream [LaBarbera, 1995].

  The much larger length/diameter ratio of the biliary 
tree is particularly interesting. A large length/diameter ra-
tio, at least above a value of 10, is necessary for fully devel-
oped Poiseuille flow, yet the vascular trees which closely 
mirror the ideal Murray-type tree (the hepatic artery and 
portal vein as demonstrated by  fig. 6,   7 ) do not frequently 
satisfy this criterion. Since measurement of interbranch 
segment lengths have largely been ignored, data related to 
this geometric property are scarce. It appears probable 
that the biliary tree, unlike the hepatic artery and portal 
vein, favors more tortuous and lengthy pathways, which 
could result from the biliary tree retaining fluids when not 
discharging bile to the intestine (a function somewhat 
compensated for by the human gallbladder). This addi-
tional criterion would result in a distinct deviation from 
Murray’s cube law. The median volume ratio [calculating 
 V  0 /( V  1  +  V  2 ) at each bifurcation] was found to be exactly 
1.0 for the bile ducts, whereas the volume ratio of the he-
patic artery and portal vein was 0.7. This suggests that the 
biliary tree more closely adheres to local optimization cri-
teria that require the total vessel volume to remain con-
stant between a parent segment and its branches (recall 
that the branches actually flow into the parent segment).
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  From the theoretical analysis of variability, we con-
clude that neither variability in an ideal Murray-type tree, 
nor noise/measurement error would explain the observed 
‘square’ law behavior of the biliary tree in our experimen-
tal data. Thus, the question is whether the hepatic artery 
and portal vein measurements are biased. Based on the 
plots of the normalized diameter (comparing  fig. 7–11 ), 
our data is consistent with a 10% variability. In our theo-
retical analysis, this resulted in a change in the junction 
exponent from 3.0 to 3.15. Thus, variability (derived from 
either measurement error, or variability within the vascu-
lar trees) would not cause the differences observed when 
comparing the hepatic artery and portal vein to the biliary 
trees. In addition, variability (actual deviations from 
Murray-tree-type behavior) could help to explain the 
large amounts of scatter [Zamir et al., 1992; LaBarbera, 
1995; Kassab, 2006] typically found when comparing vas-
cular tree data to those predicted by Murray.

  Lastly, it should be noted that vasculature plays a ma-
jor role in various diseases (e.g., heart disease, tumors, 

peripheral vascular disease, diabetes) [Sinnatamby, 2006; 
Standring and Gray, 2008]. Therefore, the ability to char-
acterize geometrical differences in vascular structures 
performing functionally different roles will also be useful 
for outlining differences within the same vascular struc-
tures in, for example, different states of disease. Such a 
characterization would likely involve extending the anal-
ysis to the computation of local blood flow magnitudes, 
pressure distributions, and local shear stresses [Yang et 
al., 2010].
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